Characterizations of near hexagons by means of one local space  by De Bruyn, Bart
Journal of Combinatorial Theory, Series A 102 (2003) 283–292
Characterizations of near hexagons by means
of one local space
Bart De Bruyn1
Department of Pure Mathematics and Computer Algebra, Ghent University, Galglaan 2,
B-9000 Gent, Belgium
Received 3 October 2001
Communicated by Jonathan I. Hall
Abstract
We characterize the classical and glued near hexagons by means of the local space at one
point. We also show that the local space cannot be isomorphic to an afﬁne plane if the near
hexagon has thick lines.
r 2003 Elsevier Science (USA). All rights reserved.
1. Introduction
1.1. Basic definitions
A near polygon is a partial linear space ðP;L; IÞ; IDPL; with the property
that for every point pAP and every line LAL there exists a unique point on L
nearest to p: The distance dðx; yÞ between two points x and y is the distance between
x and y in the point graph or collinearity graph G: In the sequel we will only consider
ﬁnite near polygons. If A and B are two sets of points, then dðA; BÞ denotes the
minimal distance between a point of A and a point of B: If A ¼ fxg; we will also
write dðx; BÞ instead of dðfxg; BÞ: For every iAN; GiðAÞ denotes the set of all points
p for which dðp; AÞ ¼ i: If A ¼ fxg; we will also write GiðxÞ instead of GiðfxgÞ: If
every line of a near polygon is incident with exactly two points, then the near
polygon is called thin. If every line is incident with at least three points, then the near
polygon is called thick. A near polygon is said to have order ðs; tÞ if every line is
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incident with precisely s þ 1 points and if every point is incident with precisely t þ 1
lines. If d is the diameter of the point graph of a near polygon, then the near polygon
is called a near 2d-gon. A near 0-gon consists of one point, a near 2-gon is a line, and
the class of near quadrangles coincides with the class of generalized quadrangles
(GQs, [8]), which were introduced by Tits in [10]. Near polygons themselves were
introduced by Shult and Yanushka in [9] because of their relationship with certain
line systems in Euclidean spaces. In the same paper [9] the notion of quad was also
introduced. A quad in a near polygon is a nondegenerate geodetically closed sub-GQ
whose lines are full lines of the near polygon. Concerning existence, one can say the
following.
Theorem 1 (Shult and Yanushka [9]). Let x and y be two points of a near polygon at
distance 2. If x and y have two common neighbours c and d such that the line xc
contains at least three points, then x and y are contained in a unique quad.
The incidence structure determined by the lines and quads through a point x is called
the local space at x and denoted by Sx: If every two points at distance 2 are
contained in a quad, then every local space is a linear space.
1.2. Motivation
We will characterize three families of near hexagons by means of the local space at
one point. In particular, the canonical families of classical and product near
hexagons are handled. They have projective local spaces, so it is natural also to
consider afﬁne local spaces. In glued near hexagons, the local spaces are so-called
crosses which are similar to degenerate projective planes. It is important to notice
that the three considered families cover a large part of all known near hexagons with
quads through every two points at distance 2. In the case of thick near hexagons,
only ﬁve other examples are known and each of these examples has three points on
every line [3]. In the case of thin near hexagons some inﬁnite families of near
hexagons exist which are not classical, glued or product near hexagons.
1.3. Properties of near hexagons
Every thin near hexagon can be regarded as a bipartite graph of diameter 3. In fact
we have the following more general observation:
Lemma 1. The thin near polygons are precisely those near polygons whose point graph
is a connected bipartite graph.
Proof. Notice ﬁrst that a near polygon S is completely determined by its
point graph G: the points and lines of S are precisely the vertices and maximal
cliques of G:
If G is a connected bipartite graph, then the maximal cliques of G are the edges of
G: For every vertex x and every edge E ¼ fy; zg; dðx; yÞ and dðx; zÞ have different
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parity and hence exactly one of the points y and z is nearest to x: This proves that
G is the point graph of a thin near polygon S:
Conversely, suppose that S is a thin near polygon and let G denote its point
graph. If x0; x1;y; xk denotes a path of length kX1 in G; then since the line
fxi; xiþ1g; iAf0;y; k  1g; contains a unique point nearest to x0; dðx0; xiÞ and
dðx0; xiþ1Þ have different parity. So, the numbers dðx0; xkÞ and k must have the same
parity. Hence, every closed path in G has even length. Now, take a ﬁxed vertex x in G
and partition the vertex set V of G into the following subsets Vþ and V: Vþ :¼
fyAV jdðx; yÞ is eveng and V :¼ fyAV jdðx; yÞ is oddg: Since there are no closed
paths of odd length in G; no edges exist between two vertices of the same subset Ve;
eAfþ;g: This proves that G is bipartite. &
For each point–quad pair ðx; QÞ of a near hexagon there are two possibilities.
Either dðx; QÞp1 and there is a unique point in Q nearest to x; or dðx; QÞ ¼ 2
and the set of points in Q nearest to x forms an ovoid of Q; this is a set of points
of Q intersecting each line in exactly one point. A quad Q is called good if every
point of Q is incident with the same number of lines of Q; this number then is
denoted by tQ þ 1:
Lemma 2. If S is a near hexagon with the property that every two points at distance 2
are contained in a good quad, then
(1) every point of S is incident with the same number of lines,
(2) the numbers niðxÞ :¼ jGiðxÞj; iAf0; 1; 2; 3g; are independent of the chosen point x;
(3) for every quad Q; the value jG2ðxÞ-G2ðQÞj is independent of the chosen point
xAQ:
Proof. Statements (1) and (2) are exactly Theorems 2.4 and 2.6 of [5]. Now, let ðx; QÞ
be an incident point–quad pair. The value a :¼ jG1ðyÞ-Qj is independent of the
chosen point yAQ: Summing over all yAG1ðxÞ-Q; we obtain
jG2ðxÞ-G2ðQÞj ¼ n2ðxÞ  jG2ðxÞ-Qj  jG2ðxÞ-G1ðQÞj
¼ n2ðxÞ  jQj þ aþ 1
X
jG1ðyÞ-G1ðQÞj
¼ n2ðxÞ  jQj þ aþ 1 aðn1ðxÞ  aÞ: &
Deﬁnition. A quad Q of a near hexagon is called big if G2ðQÞ ¼ |:
Lemma 3. Let S be a near hexagon with the property that every two points at distance
2 are contained in a unique good quad. Let ðx; QÞ be an incident point–quad pair and let
LQ denote the line of Sx corresponding to Q: Then Q is big if and only if LQ meets
every other line of Sx:
Proof. Suppose that Q is big. If there would be a quad R through x such that
LR-LQ ¼ |; then every point of R at distance 2 from Q-R would have distance 2
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from Q; a contradiction. Conversely, suppose that LQ meets every other line
of Sx: If yAG2ðxÞ-G2ðQÞ; then the quad through x and y intersects Q in the
point x; a contradiction. Hence, G2ðxÞ-G2ðQÞ ¼ |: By Lemma 2, G2ðQÞ ¼ | and Q
is big. &
2. Characterization of near hexagons of type Q  L
Let S1 ¼ ðP1;L1; I1Þ and S2 ¼ ðP2;L2; I2Þ be two near polygons. A new near
polygonS ¼ ðP;L; IÞ can be derived fromS1 andS2: It is called the direct product
of S1 and S2 and is denoted by S1 S2: We have: P ¼ P1 P2; L ¼ ðP1 
L2Þ,ðL1 P2Þ; the point ðx; yÞ of S1 S2 is incident with the line ðz; LÞAP1 
L2 if and only if x ¼ z and y I2L; the point ðx; yÞ of S1 S2 is incident with the
line ðM; uÞAL1 P2 if and only if x I1M and y ¼ u: If S1 is a generalized
quadrangle Q and ifS2 is a line L; then Q  L is a near hexagon whose local spaces
are degenerate projective planes. Also the converse is true.
Theorem 2 (De Bruyn [5], Theorem 7.1). Every near hexagon that satisfies
(a) every two points at distance 2 are contained in a good quad,
(b) at least one local space is a degenerate projective plane,
is isomorphic to the direct product of a generalized quadrangle and a line, and hence all
local spaces are degenerate projective planes.
Let us mention the following result from [4].
Lemma 4. Let S be a near hexagon which is not isomorphic to the direct product
of a generalized quadrangle and a line. If every two points at distance 2 have at least
two common neighbours, then every line of S is incident with the same number of
points.
3. Characterization of classical near hexagons
A classical near hexagon is a near hexagon with the property that every two points
at distance 2 are contained in a big quad. Cameron [7] proved that classical near
hexagons are related to polar spaces (the points and lines are the planes and lines,
respectively, of a polar space of rank 3 with reverse containment as incidence
relation). Direct products of generalized quadrangles with lines are examples of
classical near hexagons. By Lemma 3, we know that a near hexagon is classical if and
only if every local space is a (possibly degenerate) projective plane. The following
theorem shows that only one local space must be a projective plane in order that the
near hexagon be classical.
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Theorem 3. Let S be a near hexagon that has the following properties:
(a) every two points at distance 2 are contained in a good quad,
(b) at least one local space is a (possibly degenerate) projective plane, then S is
classical.
Proof. If the local space at a point x is a degenerate projective plane, thenSCGQ 
L by Theorem 2 and soS is classical. Suppose therefore that the local spaceSx is a
nondegenerate projective plane of order n: By Lemma 2, every point of S is
contained in exactly n2 þ n þ 1 lines. Let y be an arbitrary point of S collinear with
x: By Lemma 3, each of the n þ 1 quads through xy is big and so every other quad
through y meets each of these quads in exactly one line. As a consequence, Sy is a
Steiner system Sð2; n þ 1; n2 þ n þ 1Þ or a projective plane of order n: By the
connectedness of S we know that every local space is a projective plane of order n:
Hence, every quad is big and S is classical. &
4. Characterization of glued near hexagons
4.1. Definition
Let X be a set of order s þ 1; sX1: For every iAf1; 2g let Qi be a GQ of order
ðs; tiÞ; let Si be a spread of Qi (i.e. a set of lines partitioning the point set of Qi), let
KiASi; and let yi be a bijection from X to Ki: The following graph G can then be
constructed on the vertex set X  S1  S2: Two different vertices ðx1; L1; M1Þ and
ðx2; L2; M2Þ are adjacent if and only if at least one of the following conditions is
satisﬁed:
(a) L1 ¼ L2 and the unique point on M2 collinear with y2ðx2Þ is collinear with the
unique point of M1 collinear with y2ðx1Þ;
(b) M1 ¼ M2 and the unique point on L2 collinear with y1ðx2Þ is collinear with the
unique point of L1 collinear with y1ðx1Þ:
By Lemma 3.1 of [5], every two adjacent points of G are contained in a unique
maximal clique and G is the collinearity graph of a so-called glued incidence
structure S: Only when certain (strong) conditions are satisﬁed, S will be a near
hexagon. Nevertheless, several new classes of near hexagons were constructed that
way, see [6].
4.2. Characterization
Using the notation of Section 4.1, every local space of a glued near hexagon is a
so-called ðt1 þ 1; t2 þ 1Þ-cross [5]. An ðh; kÞ-cross is the unique linear space which has
a point that is incident with exactly two lines, one of length h and one of length k: We
have the following easy characterization of crosses.
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Lemma 5. Let A be a linear space that has the following properties:
(a) A has t1 þ t2 þ 1 points, t1; t2AN\f0; 1g;
(b) A has a line L of length t1 þ 1 which meets every other line of A;
then the number N of lines of size 2 is at most t1t2 with equality if and only if A is a
ðt1 þ 1; t2 þ 1Þ-cross.
Proof. Let V denote the set of all pairs ðx; yÞ with x and y two different points off L:
For every v ¼ ðx; yÞ of V ; let av þ 1 denote the number of points on the line xy:
Counting incident point–line pairs ðp; MÞ with peL; we ﬁnd
t2ðt1 þ 1Þ ¼ N þ
X
vAV
1
av  1:
Now, avpt2 for every vAV : Hence, Npðt1 þ 1Þt2  jV jt21 ¼ t1t2: If equality holds,
then av ¼ t2 for every vAV and A is a ðt1 þ 1; t2 þ 1Þ-cross. &
Theorem 4. Let S be a near hexagon that has the following properties:
(a) there exists a line which is incident with at least three points,
(b) every two points at distance 2 have at least two common neighbours,
(c) there exists a point x for which Sx is an ðt1 þ 1; t2 þ 1Þ-cross, t1; t2AN\f0g;
then S is either glued or isomorphic to the direct product of a line with a generalized
quadrangle.
Proof. If SCGQ L we are done. If not, then by Lemma 4 and assumption (b)
every line is incident with s þ 1 points for some s which is by assumption (a) at least
2. Now by Theorem 1 and assumption (b) every two points at distance 2 are
contained in a quad. Since sX2; this quad necessarily is good. Now Lemma 2 implies
that every point lies on t þ 1 lines for some t which by assumption (c) equals t1 þ t2:
By Theorem 2 and our assumptionSI/ GQ  L; t1; t2X2: Let Q1 and Q2 be the two
quads through x with respective orders ðs; t1Þ and ðs; t2Þ: By Lemma 3, Q1 and Q2 are
big. First, we will prove that every local space is a ðt1 þ 1; t2 þ 1Þ-cross. Since S is
connected, it sufﬁces to prove this for every local space Sy with yAG1ðxÞ: For
reasons of symmetry, we may suppose that yAQ1\Q2: Let xi; iAf1;y; t2g; denote t2
pairwise noncollinear points of Q2-G1ðxÞ\Q1; and let zi denote the common
neighbour of xi and y different from x: Through each xi there are t1  1 lines Li;j;
1pjpt1  1; not contained in Q2,xizi: Since all quads are good, we can deﬁne
t1  1 distinct lines Mi;jaxizi through zi such that Li;j and Mi;j are contained in a
common quad. Let Ri;j; respectively, R˜i;j; denote the quad through ziy and Mi;j ;
respectively xix and Li;j: SinceSx is a cross, R˜i;j is a grid. Since the lines xix; Li;j and
R˜i;j-Q1 of the grid R˜i;j are contained in G1ðRi;jÞ; R˜i;j projects (faithfully) to a subgrid
of Ri;j : Since Ri;j has a subgrid, Theorem 2.2.1 of [8] implies that tRi;j ¼ 1 or tRi;jXs:
Suppose that a quad R :¼ Ri;j through y satisﬁes tRXs: If tR ¼ t2; then clearlySy is a
ðt1 þ 1; t2 þ 1Þ-cross. Suppose therefore that sptRot2; and let R0aQ1 denote a third
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quad through R-Q1: Since Q2 is big, R and R0 project to sub-GQs S and S0 of Q2:
Through an arbitrary point z of S0\S there are 1þ stR lines intersecting S and tR0
lines completely contained in S0\S: Now t2 þ 1X1þ stR þ tR04s2 þ 1; contradicting
Higman’s inequality (see e.g. [8, Theorem 1.2.3]). As a consequence, all quads Ri;j are
grids; hence, they are all different. Since there are also t2 grid-quads through the line
xy; there are at least t2ðt1  1Þ þ t2 ¼ t1t2 grid-quads through y: By Lemma 5,
it then follows that Sy is a ðt1 þ 1; t2 þ 1Þ-cross. As mentioned earlier, the
connectedness of S now implies that every local space is a ðt1 þ 1; t2 þ 1Þ-cross.
For every point z ofS; the two quads of order ðs; t1Þ and ðs; t2Þ through z intersect in
a line Lz: All the lines Lz determine a spread S of S: If we take only these lines of S
which are contained in Qi; iAf1; 2g; we obtain a spread Si of Qi: Let X ¼ K1 ¼
K2 ¼ Lx and let y1 ¼ y2 be the identical maps of X : We have all ingredients to
construct a glued incidence structure *S: For every point u of S; let u0 be the unique
point of Lx nearest to u; and let Mi denote the element of Si through the projection
of u on Qi: The map y : u/ðu0; M1; M2Þ is an adjacency preserving bijection between
the point sets of S and *S: The theorem now follows since both geometries have the
same order. &
5. The nonexistence of afﬁne planes as local spaces
In this section, S is a near hexagon satisfying
(a) every two points at distance 2 are contained in a good quad,
(b) there exists a point x such that Sx is an afﬁne plane of order nX2:
By property (b)SI/ GQ L; so by Lemma 4 every line is incident with s þ 1 points
for some s: Hence, by Lemma 2 and assumptions (a) and (b)S has order ðs; n2  1Þ:
Since jG0ðxÞj ¼ 1; jG1ðxÞj ¼ n2s; jG2ðxÞj ¼ jG1ðxÞj ðn
21Þs
n
¼ nðn2  1Þs2 and jG3ðxÞj ¼
jG2ðxÞj ðn2nÞs
n2
¼ ðn  1Þðn2  1Þs3; the total number of points is equal to v ¼ 1þ n2s þ
nðn2  1Þs2 þ ðn  1Þðn2  1Þs3:
Lemma 6. We have tQpn for every quad Q of S: If tQ4n1s ; then dðx; QÞa2:
Proof. If xAQ; then tQ ¼ n  1 by assumption. If dðx; QÞ ¼ 1; let x0 denote the
unique point of Q collinear with x: Since there are tQ þ 1 quads through xx0
intersecting Q in a line, tQ þ 1pn þ 1: If dðx; QÞ ¼ 2; then the points of Q nearest to
x form an ovoid Ox of Q: The 1þ stQ quads determined by x and a point of Ox
deﬁne 1þ stQ mutually disjoint lines in the afﬁne plane Sx: Hence 1þ stQpn or
tQpn1s : &
Lemma 7. If tQpn  1 for every quad Q; then every local space is an affine plane of
order n:
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Proof. By connectedness ofS; it sufﬁces to prove thatSy is an afﬁne plane of order
n for every point y collinear with x: Our assumption implies that there are at least
tðtþ1Þ
nðn1Þ ¼ nðn þ 1Þ quads through y; with equality if and only if Sy is a Steiner system
Sð2; n; n2Þ or an afﬁne plane of order n: So, it sufﬁces to prove that there are at most
nðn þ 1Þ quads through y: The line xy is contained in n þ 1 quads. Let V denote the
set of all other quads through y: Counting the total number of pairs ðK ; LÞ; with K
and L two lines intersecting in y; yields
X
RAV
tRðtR þ 1Þ þ ðn þ 1Þðn  1Þn ¼ n2ðn2  1Þ:
Together with
X
RAV
s2tR þ ðn þ 1Þs2ðn  1Þ ¼ jG2ðyÞj ¼ jG2ðxÞj ¼ nðn2  1Þs2;
this implies that
X
RAV
ðn  tRÞtR ¼ ðn þ 1Þðn  1Þ2:
Since 1ptRpn  1 for all RAV ; ðn  tRÞtRXn  1 for all RAV : Hence, jV jpn2  1;
and there are at most nðn þ 1Þ quads through y: &
Lemma 8. We have s ¼ 1:
Proof. If there exists a quad Q of order ðs; nÞ; then jG2ðQÞj ¼ v  ðs þ 1Þðsn þ 1Þ 
ðs þ 1Þðsn þ 1Þsðn2  n  1Þ ¼ s2ðs þ 1Þ: Then there exists a point uAG2ðQÞ and the
points of Q nearest to u form an ovoid Ou of Q: The sn þ 1 quads through u and a
point of Ou; meet pairwise in the point u: Each of these quads contains at least s
2
points of G2ðQÞ: Since s3 þ s2X1þ ðsn þ 1Þðs2  1Þ; s ¼ 1: If there exists no quad of
order ðs; nÞ; then Lemmas 6 and 7 imply that every local space is an afﬁne plane of
order n: Lemma 6 then implies that either s ¼ 1 or that every quad is big so thatS is
classical. The latter possibility cannot occur because then every local space is a
projective plane contradicting assumption (b). &
Lemma 9. If every local space is an affine plane of order n; then n ¼ 2 and S is the
near hexagon whose point graph is the incidence graph of the unique biplane on seven
points [1].
Proof. Let Q be a quad of order ð1; n  1Þ and let u be a point at distance two from
Q: The 1þ ðn  1Þ quads Ri; iAf1;y; ng; through u intersecting Q in a point deﬁne
a parallel class Pu;Q in the afﬁne plane Su: Let Vðu; QÞ denote the set of n2  n þ 1
points of R1,?,Rn at even distance from u: By Lemma 1, the point graph ofS is
a bipartite graph and hence every two points of Vðu; QÞ are at distance 2 from each
other. If v1; v2AVðu; QÞ; v1av2; such that the unique quad Q0 through v1 and v2 does
not contain u; then Vðu; QÞ ¼ Vðu; Q0Þ since Pu;Q ¼ Pu;Q0 : Hence, the incidence
structure on the set Vðu; QÞ induced by the quads which intersect Vðu; QÞ in exactly n
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points is a projective plane of order n  1: The total number of sets Vðu; QÞ then
equals 2ðn
3nþ1Þðnþ1Þ
n2nþ1 which is only an integer if n ¼ 2: The point graph G of S is a
bipartite graph and hence the incidence graph of an incidence structure D: Since D
satisﬁes
* there are seven points and seven blocks,
* every block is incident with n2 ¼ four points, and every point is incident with four
blocks,
* every two points are contained in n ¼ two blocks, and every two different blocks
intersect in two points,
it is the unique biplane of order 2. &
Lemma 10. If there exists a quad Q of order ð1; nÞ; then n ¼ 3:
Proof. Since G2ðQÞ ¼ v  2ðn þ 1Þ  2ðn þ 1Þðn2  n  1Þ ¼ 2; there exists a point
yAG2ðQÞ: Let A denote the total number of lines through y meeting G1ðQÞ: Notice
that A ¼PðtR þ 1Þ where R ranges over the n þ 1 quads on y meeting Q and that
jR-G2ðQÞ-G2ðyÞj ¼ tR  1: Since y is contained in n þ 1 quads meeting Q; n2 ¼
t þ 1XAX2ðn þ 1Þ or na2: There are now n2  A points of G2ðQÞ collinear with y;
and
PðtR  1Þ ¼ A  2ðn þ 1Þ points of G2ðQÞ-G2ðyÞ contained in one of the n þ 1
quads through y meeting Q: Hence, 2Xðn2  AÞ þ ðA  2ðn þ 1ÞÞ ¼ n2  2n  2;
implying that np3: Hence, n ¼ 3 and v ¼ 50: &
Clearly, at least one of the four quads through y meeting Q is a grid. (In fact, it
easily can be proved that all of them are grids.) Collecting the results of this section
we have the following theorem.
Theorem 5. If S is a near hexagon satisfying
ðaÞ every two points at distance 2 are contained in a good quad,
ðbÞ there exists a point x such that Sx is an affine plane of order nX2;
then S is thin and nAf2; 3g: If n ¼ 2; then S; regarded as a bipartite graph, is
isomorphic to the incidence graph of the unique biplane on seven points. If n ¼ 3; then
v ¼ 50 and every point is incident with exactly nine lines. Moreover, every quad has
order ð1; iÞ with iAf1; 2; 3g and each type of quad occurs.
The following question remains to be answered.
Does there exist a near hexagon which satisfies the conditions ðC1Þ; ðC2Þ and ðC3Þ
below?
* Every line is incident with exactly two points.
* Every two points at distance 2 are contained in a good quad.
* At least one local space is an affine plane of order 3:
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The original version of this paper contained some results concerning the number of
quads of each type and their conﬁguration in the near hexagon but failed to give an
answer to the above question. Relying on these results, the referees were able to show
the existence and uniqueness of the near hexagon. The proof [2] is also published in
this issue of JCT-A. By [2] and the results of this section, we then have a complete
classiﬁcation of all near hexagons with good quads and with at least one local space
isomorphic to an afﬁne plane.
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